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A Meaner King uses Biased Bases
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he Universität Braunshweig,
Mendelssohnstraÿe 3, D-38106 Braunshweig, Germany
(Dated: Otober 4, 2018)
The mean king problem is a quantum mehanial retrodition problem, in whih Alie has to
name the outome of an ideal measurement on a d-dimensional quantum system, made in one of
(d+1) orthonormal bases, unknown to Alie at the time of the measurement. Alie has to make this
retrodition on the basis of the lassial outomes of a suitable ontrol measurement inluding an
entangled opy. We show that the existene of a strategy for Alie is equivalent to the existene of an
overall joint probability distribution for (d+1) random variables, whose marginal pair distributions
are xed as the transition probability matries of the given bases. In partiular, for d = 2 the
problem is deided by John Bell's lassi inequality for three dihotomi variables. For mutually
unbiased bases in any dimension Alie has a strategy, but for randomly hosen bases the probability
for that goes rapidly to zero with inreasing d.
PACS numbers: 03.67.-a,02.50.Cw
I. INTRODUCTION
The mean king problem was rst introdued by Vaid-
man et al. [1℄, and has sine reeived a lot of attention
as a basi quantum mehanial retrodition problem: In
the story, physiist Alie faes the mean king, who asks
her to prepare a quantum system, on whih his men will
perform a von Neumann measurement in one of a spei-
ed set of orthonormal bases. Alie is not present during
this measurement, and knows neither the basis hosen
nor the result obtained. She is then allowed a nal hek
on the system (typially inluding entangled reords of
the initial preparation), leaving her with some lassial
measurement values only. She is then told whih basis
was used and is asked to orretly name the values found
by the king's men.
In [1℄ the system was a qubit, and the three bases
involved were the eigenbases of the three Pauli matri-
es. These are a speial ase of mutually unbiased bases
(MUBs), whih means that after preparing a basis state
of any of these bases, the probability distributions in all
other bases will be uniform. It was subsequently shown
that a maximal set of (d + 1) mutually unbiased bases
exist for a d-dimensional Hilbert spae, whenever d is a
power of a prime, but to deide the existene of suh a
set for other dimensions (e.g., d = 6) has proved to be
very hard. A status report on this problem, whih has
also many reperussions on other problems in quantum
information is to be found in [2℄.
Note, however, that the basi statement of the problem
makes no referene to the MUB property of the bases ho-
sen by the king. So, supposing the game is to be played
in d = 6, why should the king make things diult (if
not impossible) for himself by trying to nd rst a set
of mutually unbiased bases in that dimension? Why not
just pik any bases at random, say? Moreover, as we
will see below, in the mutually unbiased ase, Alie has
a very simple way to ompute a safe strategy. Again,
a really mean king might make things more diult for
Alie here. These remarks go against another intuition,
whih would seem to make the hoie of unbiased bases
the meanest option for the king: Indeed, if Alie were
trying to just make a measurement in one of the king's
bases, hoping to pik the right one, in all but the luky
ase her results will be totally useless. If the game were
to be played many times, and Alie's aim was to be right
as often as possible, she ould improve her guesses using
the orrelations between bases. This gain is nullied in
the MUB ase. But the problem is not set like that: We
demand of a solution that Alie is right in every single
run, and this is not made easier in the least by the exis-
tene of some statistial orrelations between the bases.
In other words, the intuition that unbiased bases are an
espeially mean hoie by the king is fallaious.
We therefore drop the assumption of unbiasedness and
ask, for any hoie of nitely many bases by the king:
Can Alie nd a strategy, onsisting of an initial entan-
gled preparation and a suitable measurement on the joint
system after the kings men are through with their part,
suh that she gets the right value with probability one?
Not very muh has been done about this problem with-
out assuming mutual unbiasednes. Some speial ases
have been disussed in [3, 4, 5, 6℄. However, the avail-
able studies apparently remain inomplete even in the
qubit ase (d = 2).
II. SUMMARY OF RESULTS
To state our main results, let us x some notation for
the rest of the paper. The system Hilbert spae on whih
the king's men make their measurement will be denoted
by H, and has dimension d. The number of bases hosen
will be k, and the bases themselves will be denoted by
Φb(i), for b = 1, . . . , k and i = 1, . . . , d. An important
property of a hoie of bases is the spae R of hermi-
tian operators spanned by all the |Φb(i)〉〈Φb(i)|. This
spae desribes how many density operators we an dis-
2tinguish with measurements in the given bases. Sine∑
i |Φb(i)〉〈Φb(i)| = 1I for any basis, we expet only (d−1)-
dimensions giving new information for eah basis, so to-
gether with the identity we expet R to be (k(d−1)+1)-
dimensional. If this number is ahieved, we will all the
hosen basis set non-degenerate. Of ourse, dimR an-
not exeed the dimension d2 of the spae of all hermitian
operators on H, so for k > (d+1) every hoie of bases is
degenerate in this sense. The interesting property in this
ase is that dimR = d2, i.e., that the set of bases is to-
mographially omplete. Of ourse, for k = (d+1), whih
is the standard ase, non-degeneray and tomographi
ompleteness are the same property.
For any pair of bases, the values
pbc(i, j) =
1
d
|〈Φb(i)|Φc(j)〉|2 (1)
are the joint probabilities of a pair of d-valued random
variables, eah of whih is uniformly distributed. We
say that a olletion of k bases admits a lassial model,
if these probabilities are marginals of some joint distri-
bution of all k variables (eah taking d values). Sine
this property only involves the absolute values of salar
produts, not their phases, and therefore aptures only
a small part of the information about the relative posi-
tion of the bases, it is perhaps rather unexpeted that
the existene of a lassial model is very losely linked to
the existene of Alie's strategy. This is desribed in the
following Theorem, our main result:
Theorem 1 Let {Φb(i)} be a olletion of k orthonormal
bases in a d dimensional Hilbert spae. Then
(1) if the bases are non-degenerate (in partiular, k ≤
(d+1)) and the bases admit a lassial model, then Alie
an nd a safe strategy in the mean king's problem with
these bases.
(2) Conversely, if the set of bases is tomographially om-
plete (in partiular, k ≥ (d+1)), and if Alie has a strat-
egy, then the bases allow a lassial model.
(3) In the ase (1), Alie's strategy may begin with a max-
imally entangled state, and in the ase (2) a pure initial
state is neessarily maximally entangled.
Before going into the proof, let us see what this Theo-
rem says about some basi examples.
A. Mutually unbiased bases
By denition a set of k bases in d dimensions is mutu-
ally unbiased if, with the notation from (1), we have
pbc(i, j) = δbcδij
1
d
+ (1− δbc) 1
d2
. (2)
From this a lassial model is obvious, namely k statis-
tially independent uniformly distributed random vari-
ables. In order to ompute the dimension of the span
of the |Φb(i)〉〈Φb(i)|, let us take the (kd) × (kd)-matrix
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FIG. 1: Possible range of triples
`
pab(1, 1), pbc(1, 1), pca(1, 1)
´
.
The range of triples admitting a lassial model is desribed
as tetrahedron inside this body, with the same orners.
of Hilbert Shmidt salar produts (dened for operators
A,B by 〈A|B〉HS := tr(A∗B)) of these vetors, whih is
just the expression (2), interpreted as a matrixMbi,cj . Its
rank is the dimension we are looking for, and easily om-
puted as k(d − 1) + 1, by determining all eigenvalues of
M . Hene MUBs are non-degenerate for all k ≤ (d+ 1),
and for any number of MUBs the mean king an ome
up with, Alie has a strategy. This result was previously
obtained by another method in [5℄.
B. Qubits
Another interesting speial ase, disussed in [3℄, is
d = 2, k = 3. Choosing a basis in d = 2 is the same as
hoosing a pair of antipodal points on the Bloh sphere.
Three bases are tomographially omplete i these points
do not lie in a plane. The existene of a lassial model in
this ase is one of the anestral problems of quantum in-
formation theory, namely preisely the existene of suh
models for three dihotomi variables haraterized by
Bell's original three-variable inequality [7℄. The joint dis-
tribution (1) belonging to two bases b, c is haraterized
(for d = 2) by the single number pbc(1, 1). Fig. 1 shows
the possible range of triples
(
pab(1, 1), pbc(1, 1), pca(1, 1)
)
.
The range of triples admitting a lassial model, and
hene a safe strategy for Alie, is desribed by Bell's
inequalities as the tetrahedron inside this body. If the
bases are hosen independently and with unitarily invari-
ant distribution (Haar measure), the probability for this
subset is exatly 1/3. This an be omputed analyti-
ally by reduing it to a problem of three independent
uniformly distributed vetors on the Bloh sphere.
3III. PROOF OF MAIN RESULT
In the rst round, Alie hooses a Hilbert spae K and
prepares a density operator ρ on H⊗K. The rst system
is left to the king's men, who perform their von Neu-
mann measurement in one of the bases Φb, leaving a
state (|Φb(i)〉〈Φb(i)| ⊗ 1I)ρ(|Φb(i)〉〈Φb(i)| ⊗ 1I), onditional
on their measured result being i. Finally, Alie will make
a measurement on H ⊗ K, with some outomes x ∈ X .
This is desribed by positive operators Fx onH⊗K, with∑
x Fx = 1I. The preise nature of the outomes is irrel-
evant. All that ounts is that the value x provides Alie
with a rule what to answer, if the king disloses that basis
b was used by his men. We an express this by introdu-
ing a guessing funtion, but we might just as well take
the rule itself as the outome (possibly grouping together
some outomes leading to the same guesses). Hene we
hoose the outome set
X = {1, . . . , d}k = {x : {1, . . . , k} → {1, . . . , d}}
with the interpretation that x(b) is the answer Alie will
give, if her measurement gave the value  x , and the
King disloses b. The requirement that she is right every
time is the basi equation for ρ and Fx we have to solve:
tr
(
ρ(|Φb(i)〉〈Φb(i)| ⊗ 1I)Fx(|Φb(i)〉〈Φb(i)| ⊗ 1I)
)
= λi,xδi,x(b), λi,x ≥ 0,
∑
i,x
λi,x = 1.
(3)
At this point we an make the rst simpliations.
Suppose, for example, that Alie has found a solution
using a mixed state ρ, and that Ψ is some unit vetor in
the support of ρ, so that |Ψ〉〈Ψ| ≤ λρ for some positive
λ. Then after replaing ρ by |Ψ〉〈Ψ|, the zeros in (3) will
still all be in the right plaes, and sine we hose Ψ as a
unit vetor, we have found a solution with a pure initial
state ρ = |Ψ〉〈Ψ|. Next, we write Ψ as
Ψ = (1I⊗ S)Ω with Ω =
d∑
α=1
|αα〉 ∈ H ⊗H. (4)
Ω is the maximally entangled vetor, and S is an opera-
tor, whose matrix elements in a suitable basis of K are the
vetor omponents of Ψ, normalized so that tr(S∗S) = 1.
Then in (3) we an ommute S past the projetions at-
ing only on the rst fator, and simplify the expression
by introduing the vetors
Φ̂b(i) = (|Φb(i)〉〈Φb(i)| ⊗ 1I)Ω
= Φb(i)⊗ Φb(i) ∈ H⊗H, (5)
where the bar indiates omponentwise omplex onju-
gation in the basis |α〉, in whih Ω takes the form (4).
Then the basi equation (3) beomes
〈Φ̂b(i)|(1I⊗ S)∗Fx(1I⊗ S)|Φ̂b(i)〉 = λi,xδi,x(b) . (6)
Now suppose η is a vetor in the support of the operator
in this braket. Then substituting |η〉〈η| for the operator
will still give zero, whenever i 6= x(b), and hene
〈Φ̂b(i)|η〉 = 0 if i 6= x(b). (7)
But also the salar produts for i = x(b) are essentially
xed: We have
∑
i |Φb(i)〉〈Φb(i)| = 1I for any basis b,
whih translates to
∑
i Φ̂b(i) = Ω via (5). Therefore, we
an sum (7) over i, obtaining
〈Φ̂b(i)|η〉 = 〈Ω|η〉 δi,x(b). (8)
We will all suh vetors safe vetors for Alie (and the
partiular outome x).
A. Struture of safe vetors
How many safe vetors an Alie nd? A key role
for answering this question is played by the spae R
introdued in Set. II, or, equivalently by its image
R̂ ⊂ H ⊗ H under the identiation of operators on
H and elements of H⊗H:
R̂ = linR{Φ̂b(i)}, (9)
its omplex linear span R̂C, and its orthogonal omple-
ment R̂⊥. For every x ∈ X we arrive at the following
alternative: It may happen that there is no vetor η sat-
isfying (8) with 〈Ω|η〉 6= 0. Then all solutions of that
equation are in R̂⊥, whih also means that suh values
x an never our as a result of Alie's measurement. Al-
ie's strategy will have to rely on the other ases, i.e., the
subset of those x ∈ X , for whih a non-trivial solution η
of (8) exists. To get a standard solution, we multiply η
with a salar so that 〈Ω|η〉 = 1. Moreover, we an ap-
ply to η the orthogonal projetion to R̂C, thus obtaining
a solution whih is uniquely determined, sine all salar
produts with vetors from this spae are xed. We note
that sine all its salar produts with the Φ̂b(i) are real,
we an even onlude that ηx ∈ R̂ . Hene whenever a
non-zero solution exists for some x ∈ X , we an pik a
unique solution ηx, determined by the onditions
〈Φ̂b(i)|ηx〉 = δi,x(b) with ηx ∈ R̂ . (10)
The fat that ηx lies in this real-linear subspae means
that the orresponding operator on H is hermitian, or,
expressed in the standard basis that
〈αβ|ηx〉 = 〈βα|ηx〉. (11)
It is lear that if Alie an nd any safe vetors at all, she
has some suess at a unambiguous retrodition game, in
whih she is allowed to pass, but has to be absolutely sure
of her guess otherwise. As in the problem of unambigu-
ous disrimination [8℄ her aim would be to minimize the
probability for pass moves. In the mean king problem,
however, her suess probability is required to be unity,
whih is the same as saying that
∑
x Fx = 1I, and a guess
x ∈ X is produed in every run.
4B. Neessary onditions
The Theorem states neessary onditions for the exis-
tene of a strategy only in the tomographially omplete
ase. Then R̂⊥ = {0}, and the only hoie Alie has is
to pik safe vetors, whih are multiples of the ηx as in
(10). This xes the operators in (6) to be
(1I⊗ S)∗Fx(1I⊗ S) = p(x)|ηx〉〈ηx|, (12)
with p(x) ≥ 0. The values for x not allowing a non-zero
safe vetor an be subsumed by setting p(x) = 0. The
overall normalization ondition
∑
x Fx = 1I then reads
N =
∑
x
p(x)|ηx〉〈ηx| = (1I⊗ S∗S). (13)
Taking matrix elements of this equation in the standard
basis and using the hermitiity (11), we nd
〈αβ|N |α′β′〉 = 〈βα|N |β′α′〉. (14)
By (13) this amounts to δαα′nββ′ = δββ′nαα′ , where n
is the matrix of S∗S. With α = α′ = 1 we nd that
S∗S is also a multiple of the identity matrix. From the
normalization ondition trS∗S = 1 this multiple must
be 1/d. Sine S∗S is just the redued density operator
of the restrited state, we have thus shown item (3) of
the Theorem: In the tomographially omplete ase, the
initial state of Alie must be maximally entangled.
The onnetion with lassial models is seen by taking
the matrix elements of equation (13) with other vetors.
To begin with, let us onsider the matrix element with
Ω. Then, sine N = (1/d)1I, and 〈ηx|Ω〉 = 1 whenever
p(x) 6= 0, we get 〈Ω|N |Ω〉 = (1/d)〈Ω|Ω〉 = 1 =∑x p(x).
Hene the p(x) must indeed be a probability distribution
on X , whih is the same as the olletion of all mea-
surement outomes. Furthermore, for any bases b, c, and
assoiated outomes i, j,
〈Φ̂b(i)|N |Φ̂c(j)〉 =
∑
x
p(x)δi,x(b)δj,x(c). (15)
Clearly, the right hand side is exatly the marginal
pbc(i, j) of the probability distribution p with respet
to the d-valued variables b and c. On the other hand,
sine N = (1/d)1I, the left hand side evaluates to
(1/d)〈Φ̂b(i)|Φ̂c(j)〉 = (1/d)|〈Φb(i)|Φc(j)〉|2, so p is ex-
atly a lassial model in the sense desribed in Set. II.
This ompletes the proof of the Theorem, part (2), and
the orresponding statement in part (3).
C. Suient onditions
Let us now suppose, as in part (1) of the Theorem,
that we are given k ≤ (d + 1) bases. Then, for eah x,
(10) is an inhomogeneous linear system of equations for
the vetor ηx. Taking only the rst d − 1 equations for
eah basis, plus one normalization equation 〈Ω|ηx〉 = 1
eliminates the trivial dependenies between these equa-
tions, so we have k(d − 1) + 1 equations for a vetor in
R̂ . The ondition of non-degeneray desribed in Set. II
is equivalent to saying that all these equations are non-
singular, hene under the hypothesis of part (1) of the
Theorem, ηx exists for all x.
Now suppose that a lassial model exists in the form
of a set of p(x) ≥ 0 suh that the marginals (15) are
onsistent with N = (1/d)1I. Note, however, that R̂ may
now be a proper subspae, and the matrix elements with
all Φ̂b(i) do not determine the operator N ompletely.
Nevertheless, we an set
Fx = d p(x) |ηx〉〈ηx|+ F˜x (16)
with F˜x ≥ 0 summing to the projetion onto R̂
⊥
. Then
it is immediate that with a maximally entangled initial
state, i.e., with the hoie S = (1/
√
d)1I, the basi equa-
tion (6) is satised. This ompletes the proof of part (1)
of the Theorem.
IV. FINDING A STRATEGY NUMERICALLY
Given the marginals of equation (1), the existene of a
lassial model is a linear feasibility program in the p(x).
It an also be ast as a semidenite program, namely
to maximize
∑
x p(x) subjet to the onstraints p(x) ≥
0 and
∑
x p(x)|ηx〉〈ηx| ≤ 1 /d. If the maximum turns
out to be
∑
x p(x) = 1, we have found the desired joint
distribution. Otherwise, this is the probability for Alie
to nd an answer in the unambiguous retrodition game
desribed at the end of III.A. The following table lists the
numerial results for low dimensions with independent
Haar distributed bases, where pS is the probability that
a safe strategy exists, ES is the expeted overall suess
probability for unambiguous retrodition, and N is the
sample size we used.
d pS ES log10N
2 .3334 .6666 7
3 .0013 .398 6
4 0 .34 3
Higher dimensions, with dd+1 variables and on-
straints, are a serious hallenge for PC based ompu-
tation. For d = 6, a strategy rarely exists, but one an
rst debias the bases with a gradient searh minimizing∑
i,j,a,b pab(i, j)
2
. Instead of a semidenite program one
an then use the so-alled EM-algorithm [9, 10℄ to nd a
joint distribution, and this is typially suessful for the
debiased ase, although onvergene is rather slow.
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